The Lorentz links are Lorentz transformations that link two given 4-vectors with an equal Minkowski norm. Of particular interest are Lorentz boost links and the vectors that parameterize these boost links. In this paper, we will consider different expressions for vectors parameterizing Lorentz boost links and show how they are related to each other.
Introduction
The Lorentz transformations are isometries in Minkowski space, i.e. they are orthogonal transformations which preserve distances. Lorentz transformations between given two 4-vectors with an equal Minkowski norm are known as Lorentz links. We will consider Lorentz links on homogeneous space
where c > 0 is a constant and the metric is Minkowski  = diag(1,1,1,1).
Geometrically, it is an upper half hyperboloid. Physically, it represents the space of 4-velocities and c is the speed of light. Lorentz transformations act on  transitively, i.e. there is a Lorentz transformation LU,V that links any two vectors U, V  . An important problem related to the space  is to determine all Lorentz links for a given pair of vectors from . Generally, it is sufficient to restrict the problem to determination of Lorentz boost 86 Emilija Celakoska et al.
links, because boosts act transitively on  representing "pure" links (without rotation) between the corresponding 4-vectors. This imposes a simple constraint to the Lorentz link in form LU,U =  (identity matrix) (see e.g. [6] ).
The problem of finding all Lorentz boost links has a long history, and only recently it has been shown that there is a continuum of Lorentz boosts which solve this problem [5] , [7] , [3] . They are additionally parameterized by an arbitrary 4-vector X   and under some constraints, this is the most general solution of the Lorentz link problem. Physically, X represents 4-velocity of an arbitrary observer.
Besides finding of all Lorentz boosts linking a given pair of 4-vectors from , it is also important to determine the 4-vectors parameterizing these boosts. Although some authors along with proposing Lorentz link solutions have also addressed this problem [5] , [7] , [8] , the diversity of approaches make the subject relatively unsettled. In this paper, we present different expressions for parameterization of the Lorentz boost links and examine the relationships among them.
Along the paper, the indexes in the Lorentz boost link B will denote the vectors involved in its parameterization. The 4-vectors will be denoted by upper case, while 3-vectors -by arrows above the letters. The scalar product of two 4-vectors U and V is always Minkowskian, i.e. UV  UV and  is the identity matrix.
Lorentz Boost Links
In this section we briefly review Lorentz boost links. For more details see, for example, [5] , [3] .
Let us consider 4-vectors U, V  . The Lorentz boost link between U and V is given by
The proofs that the tensor BU,V is an orthogonal transformation, that BU,VBV,U =  and that BU,VU = V, are straightforward. It is obvious that BU,U = , implying that Lorentz transformation given by (1) is a boost. In [8] , the Lorentz boost link (1) is obtained by two reflections. Parameterized by 4-vector Y, an orthogonal reflection at the non-null hyperplane with normal Y is given by the tensor
It is well-known that any boost is a composition of two reflections that leads to the Lorentz boost link between U and V in the following form
One can straightforwardly prove that this solution is equal to (1) (see e.g. [2] ).
On parameterization of Lorentz boost links
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A generalized solution to the problem of finding all Lorentz boost links is additionally parameterized by an arbitrary 4-vector X  . So, all Lorentz boosts linking the 4-vector U   and the 4-vector V   are given by (see [5] )
One can straightforwardly prove that the tensor BU,V,X is an orthogonal transformation, that BU,U,X =  and BU,V,XU = V.
The set of solutions given by (3) implies that the Lorentz boost link is not unique. When the vector X is in UV plane, the Lorentz link becomes unique, given by (1) . However, by a choice of the 4-vector X to be non-planar relative to the UV plane, one can obtain a continuum of Lorentz boost links.
The Lorentz boost links can be derived in a more insightful way using reflections (see [3] ). All Lorentz boosts linking the 4-vector U and the 4-vector V, additionally parameterized by an arbitrary 4-vector X are given by a family of boosts
Note that the constraint (V  SXU) 2  0 is equal to the constraint accompanying (3). The formula (4) is derived in [8] as a Lorentz boost that links spacetime events. One can also straightforwardly prove that (4) is equal to (3).
Parameterization of Lorentz Boost Links
Along with a Lorentz boost link, it is very important to explicitly give the vector that parameterizes the corresponding boost. From physical point of view, this vector contains relative velocity between the frames with 4-velocity U and 4-velocity V. In this section, we focus on vectors which parameterize the Lorentz boost links given by (1) -(4).
For three 4-vectors U, V, X  , the Lorentz-boost link between U and V is parameterized by an unknown 3-vector is the Lorentz factor and the dot marks some scalar.
The most general solution for 4-vector W parameterizing the Lorentz boost links (3) and (4) has been proposed in [5] . However, we made slight modification in the corresponding expression, obtaining the following formula 88 Emilija Celakoska et al.
From physical point of view, WU,V,X is a space-like 4-vector. All involved 4-vectors U, V and X have to be elements of  in order , W

i.e w  to be interpreted as a relative velocity between U and V as observed from X. It is obvious that WU,V,X WV,U,X, i.e. the relative velocity is reciprocal. From (5), it immediately follows WX = 0 which is necessary and sufficient condition W to be observed from X. In several papers, e.g. [1] , [4] , the 4-vector parameterizing the Lorentz boost link given by (1) is proposed by imposing additional requirement for the 4-vector W to be orthogonal to U, i.e. WU = 0. This parameterization is given by the following expression
Let us note that for U =
It is easy to show that the expression (6) is special case of (5). Namely, by replacing X with U in (5), we obtain  = c 2 /UV and
Using (6) as a basis, we can rewrite (5) in the following way
Thus, the 4-vector WU,V,X containing relative velocity between U and V as seen from X, is some kind of "relativistic subtraction" of the relative velocities WX,V and WX,U .
Often, it is more common to give W for X = has been given in [8] . Identifying the hyperplane orthogonal to X (i.e. the "rest space" of X ) with  
The parameterization
can be naturally obtained from (5) . Namely,
we obtain
which is obviously equal to (7).
Conclusion
In this paper, we present and discuss expressions which parameterize Lorentz boost links between given two 4-vectors on the upper half hyperboloid -the space of 4-velocities in Minkowski space. We explicitly show equivalence of some relevant formulas and clarify how they are related to each other.
From mathematical point of view, the formula (5) is the precise mathematical definition of 4-vector parameterizing Lorentz boost link, which is coordinate-free, and basis-free. However, from physical point of view, it is important to note that it relies on three 4-velocities X, U, V where U and V are relative to X, and so, their experimental measurements is not an obvious task. Actually, the formulas (6) and (7) are more applicable because (6) implicitly involves a comoving frame (X = U) to measure V, while in (7) X is at rest, and U, V are relative velocities to X.
